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Abstract. Given an undirected graph and two pairs of vertices (si, ti)
for i ∈ {1, 2} we show that there is a polynomial time Monte Carlo
algorithm that finds disjoint paths of smallest total length joining si
and ti for i ∈ {1, 2} respectively, or concludes that there most likely
are no such paths at all. Our algorithm applies to both the vertex- and
edge-disjoint versions of the problem.

Our algorithm is algebraic and uses permanents over the quotient ring
Z4[X]/(Xm) in combination with Mulmuley, Vazirani and Vazirani’s iso-
lation lemma to detect a solution. We develop a fast algorithm for per-
manents over said ring by modifying Valiant’s 1979 algorithm for the
permanent over Z2l .

1 Introduction

How fast can we find the shortest two vertex-disjoint paths joining two given
pairs of vertices in a graph? Figure 1 shows an example instance with an optimal
solution of total length 6 + 6 = 12, where length is the number of edges on the
two paths. Note that neither path is a shortest path.

This problem is sometimes called min-sum two disjoint paths. We solve it
in polynomial time. One would expect an algorithmic graph problem of this
type to have been understood a generation ago, but to our best knowledge, no
subexponential time algorithm was known [5, 7].

By a simple reduction, our algorithm also applies to the edge-disjoint version
of the problem, where the two paths may not share an edge (but may share
vertices). The complexity of this problem was also open for many decades [6].

s1 t1

s2 t2

P1

P2

Fig. 1. Two shortest disjoint paths joining the red and blue vertex pairs.



Our algorithm is algebraic and follows recent activity in algebraic algorithms
for some fundamental graph problems developed in the frameworks of fixed-
parameter and exponential time algorithms [1, 2, 8, 18, 19]. One ingredient is to
express a graph problem in terms of a matrix of indeterminates, an idea that
goes back to Tutte [16] and Edmonds [4]. The matrix function we compute is
a permanent, and we use ideas of Valiant [17] to compute this in a ring of
characteristic 4. To work in full generality, our algorithm is randomized, using
Mulmuley, Vazirani, and Vazirani’s isolation lemma [10].

Related problems. For planar graphs, polynomial-time algorithms for shortest
two disjoint paths have been found by Colin de Verdière and Schrijver [3] and
Kobayachi and Sommer [7], under certain conditions on the placement of termi-
nals. Our algorithm works for all planar cases, but is much slower.

The problem’s decision version—decide if two disjoint paths joining given
vertex pairs exist, no matter their length—was shown to be polynomial-time
computable by Ohtsuki [11], Seymour [12], Shiloah [13], and Thomassen [14];
all published independently in 1980. More recent papers reduce the running
time for that problem to near-linear, see Tholey [15] and the references therein.
However, no algorithms for finding the shortest two disjoint paths seem to follow
from these constructions.

It is worth mentioning a different problem that might as well have the same
name: Find two disjoint paths of minimal total length from the start nodes
{s1, s2} to the end nodes {t1, t2}. That problem also allows s1 to be joined with
t2 and s2 with t1. It has a solution of total length 10 in the example. That
problem is algorithmically much simpler, well understood, and can be solved by
standard flow techniques in linear time.

Another nominally related problem, two disjoint shortest paths, is to decide
if the given endpoints can be joined using two disjoint paths, each of which is a
shortest path. (In Figure 1, the answer is “no.”) That problem can be solved in
polynomial time, as shown by Eilam–Tzoreff [5].

Li, McCormick, and D. Simchi-Levi [9] have shown that the problem of min-
imizing the maximum of both path lengths (sometimes called min-max two
disjoint paths) is NP-hard, both in the vertex- and edge-disjoint versions. Also,
the problem of finding two disjoint paths, one of which is a shortest path, is
NP-hard [5].

1.1 Result

We are given an undirected, loopless, unweighted, and simple input graph G
with n vertices and m edges, as well as two pairs {s1, t1} and {s2, t2} of terminal
vertices. We will show how to find two vertex-disjoint paths P1 and P2, such
that Pi joins si and ti for i ∈ {1, 2} and |P1|+ |P2| is minimal. We assume that
neither edge s1t1 or s2t2 exists in G; otherwise the problem is solved by finding
a shortest path between the other terminal pair using breadth-first search. We
consider first the case where there is a unique optimal solution, in which case
our algorithm is deterministic and slightly simpler to explain.



Unique solution. We define three matrices over 0, 1, and a formal indeterminate
x. First, construct the n × n matrix A by identifying the vertex set of G with
{1, . . . , n} and setting

auv =


x , if uv ∈ E ;

1 , if u = v ;

0 , otherwise .

(1)

Note that because G is undirected, the matrix is symmetric. It can be viewed as
a univariate Tutte matrix.

Then, for given vertices v, w, v′, and w′ specified below, construct the matrix
A[vw, v′w′] from a A by putting 0s in the rows corresponding to v and v′, then
putting 1s in the two entries corresponding to vw and v′w′:

A[vw, v′w′] =




v

v′

w w′

0 010 0

0 010 0

. (2)

We then define the univariate polynomial

f = perA[t1s1, t2s2] + perA[t1s1, s2t2]− perA[s1s2, t1t2] .

Here, the (symbolic) permanent of an n× n matrix A = (aij) is defined as

perA =
∑
σ

∏
i

aiσ(i) , (3)

where the summation ranges over all permutations σ of {1, . . . , n}. Note that
the matrix entries aij , the permanent perA, and f itself are polynomials in x.

Theorem 1 The graph G contains a unique pair of disjoint paths of shortest
total length k if and only if the lowest-order term in f is 2xk.

This does not seem algorithmically useful, because the definition of f involves
several permanents, which usually are hard to compute. Our main algorithmic
insight is the following: Because the coefficient we are looking for is 2, it suffices
to perform the computation of f in a ring of characteristic larger than 2. We pick
the polynomial ring Z4[x]/(xM ) of characteristic 4, where M = d2n4e. We show
in Section 3 that the permanent in this ring can be computed in polynomial
time.

We can summarize our algorithm as follows:

Algorithm U (Unique shortest two disjoint paths) Finds the minimum length
of a unique pair of disjoint paths in G joining s1 and t1 and joining s2 and t2,
respectively.
U1. [Setup.] Construct A as given by (1).

U2. [Compute f .] Construct A[t1s1, t2s2], A[t1s1, s2t2], and A[s1s2, t1t2]. Com-
pute f over Z4[x]/(xM ) using Algorithm P for the three permanents.

U3. Return the minimum j such that xj has nonzero coefficient in f .



Non-unique solutions. Theorem 1 does not help us in the general case: If G
contains an even number of optimal solutions of total length k, then each con-
tributes 2xk to f , so the coefficient vanishes modulo 4. However, we can use the
standard remedy for this type of situation by equipping the edges with random
weights and looking for a unique weighted solution.

To be concrete, let

W = {2nm, . . . , 2nm+ 2m− 1} . (4)

For each e ∈ E, choose a random integer w(e) ∈W . Now define A by

auv =


xw(uv) , if uv ∈ E ;

1 , if u = v ;

0 , otherwise .

(5)

(Note that A is still symmetric.) From here, the construction of the three ma-
trices A[t1s1, t2s2], A[t1s1, s2t2], A[s1s2, t1t2], and the polynomial f is the same
as the unique case of Section 1.1.

Theorem 2 If G contains a unique pair of disjoint paths of shortest total length
k, then with probability 1

2 , the lowest-order term in f is 2xj for some j with
kminW ≤ j ≤ kmaxW .

The algorithm differs from Algorithm U only in the first and last steps:

Algorithm S (Shortest two disjoint paths) With probability 1
2 , finds the mini-

mum length of two disjoint paths in G joining s1 and t1 and joining s2 and t2,
respectively.

S1. [Setup] For each e ∈ E, choose integer weight w(e) ∈ W uniformly at
random. Construct A as given by (5).

S2. [Compute f .] (Identical to Step U2.)

S3. Find the minimum j such that xj has nonzero coefficient in f . Return
b j/minW c.

As presented here, Algorithm S runs in time O(n11). Our main concern is to
communicate the existence of a polynomial-time algorithm, so we do not discuss
how to reduce the exponent. A witness for an optimal solution can be found
using self-reduction, increasing the running time by another linear factor. The
error probability can be reduced to 2−r by repeating the algorithm r times. For
the edge-disjoint version of the problem, add an edge to each terminal vertex
and apply Algorithm S to the line graph of the resulting graph.

1.2 Conclusion

We still have no deterministic polynomial-time algorithm for the two disjoint
shortest paths problem, nor do we know how to significantly improve the running
time of our algorithm, say to subseptic. For higher k > 2, the complexity of the
k disjoint shortest paths problem remains unresolved.
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2 Proof of Theorems 1 and 2

We will give a combinatorial understanding of f . We subsume the construction
of A in the case of unique solutions under the general case by setting w(e) = 1
for each edge e.

Construct a weighted directed graph D from G as follows. For each nonter-
minal vertex v insert the self-loop vv with weight 1. For each edge vw insert the
arcs vw and wv, each with weight w(vw) = w(wv). Given two arcs vw and v′w′

we define the directed graph D[vw, v′w′] as follows: Remove all arcs outgoing
from v and v′. Then add the arcs vw and v′w′ of weight 1. We call these arcs
forced ; they are the only way to leave v and v′.

Now we can can interpret the matrix A[vw, v′w′] from (2) as a weighted ad-
jacency matrix of D[vw, v′w′]. Each permutation contributing to the permanent
corresponds to a directed cycle cover. Recall that a (directed) cycle cover is a
collection of vertex-disjoint directed cycles that visit every vertex in the graph.

Lemma 1
f =

∑
P1,P2

2xw(P1)+w(P2) perAP1P2
.

where the sum is over all undirected disjoint paths Pi joining si and ti for
i ∈ {1, 2}. Here, AP1P2

denotes the matrix A with all rows and columns cor-
responding to vertices on P1 and P2 removed.

Proof. We consider the contribution of each directed cycle cover to f . Consider
a permutation σ. It can be checked that there are 6 cases for how a permutation
can pass the 4 terminal vertices in any of the three forced graphs, shown in
Fig. 2. (There are many other ways of permuting {s1, t1, s2, t2}, but none of the
forced graphs contains the necessary arcs.)

Consider first the permutation of Type 1 in the first row, going from s1 to t1
and from s2 to t2. This corresponds to two disjoint paths in the original graph,
so these permutations are what we want to count, and indeed they contribute
positively to perA[t1s1, t2s2].

However, that term also picks up a positive contribution from permuta-
tions of Type 2, which we do not want to count. We remedy this problem
with the other terms. Each Type 2 permutation also contributes negatively to
the third row. To be precise, we can associate each Type 2 permutation con-
tributing to perA[t1s1, t2s2] to another permutation contributing negatively to
−perA[s1s2, t1t2] by changing the forced edges and reverting the path from s1
to t2. Since forced edges have weight 1 and all other arcs have the same weight
as their reversal, the two permutations contribute the same term with different
signs and therefore cancel.



Contribution to f Type 1 Type 2 Type 3

+ perA[t1s1, t2s2]
s1 t1

s2 t2

s1 t1

s2 t2

+ perA[t1s1, s2t2]
s1 t1

s2 t2

s1 t1

s2 t2

−perA[s1s2, t1t2]
s1 t1

s2 t2

s1 t1

s2 t2

Fig. 2. Cycles contributing to f . Gray: directed paths, solid: forced arcs.

The Type 3 permutations cancel in a similar fashion.
The contribution of a permutation of Type 1 consists of the contributions

of the edges along the paths Pi joining si and ti, where i ∈ {1, 2}. These edges
contribute the factor xw(P1)+w(P2). The remaining edges avoid the terminal ver-
tices, so their total contribution can be given in terms of the permanent of an
induced subgraph of D. Then the total contribution of all permutations in the
first and second case is 2xw(P1)+w(P2) perAP1P2

. ut

Proof (of Theorem 1). Consider perAP1P2 . The contribution of the identity per-
mutation is exactly 1 because all self-loops are labelled 1. Any other permutation
contributes at least the factor x2. Thus, the term with the smallest exponent is
2xw(P1)+w(P2) = 2x|P1|+|P2|, for the shortest two disjoint paths P1 and P2. ut

For the second theorem, we need the isolation lemma [10]:

Lemma 2 Let m be a positive integer, W a set of consecutive positive integers,
and let F be a nonempty family of subsets of {1, . . . ,m}. Suppose each element
x ∈ {1, . . . ,m} receives weight w(x) ∈ W independently and uniformly at ran-
dom. Define the weight of a set S in F as w(S) =

∑
x∈S w(x) . Then, with

probability at least 1−m/|W |, there is a unique set in F of minimum weight.

(The lemma is normally stated for weights of the form W = {1, . . . , |W |},
but as observed in [10], the above generalization holds as well.)

Proof (of Theorem 2). Let W be as in (4), and k be the total length of two
shortest disjoint paths. Let F denote the family of edge subsets belonging to P1

or P2, for each pair (P1, P2) of two shortest disjoint paths.
By Lemma 2, with probability at least 1−m/2m = 1

2 , there is a unique set of
edges in F of minimal weight, corresponding to a pair (P1, P2) of paths. Their
total weight is at least kminW and at most kmaxW = k(2mn + 2m − 1) <
(k + 1)2mn = (k + 1) minW . In particular, all nonoptimal solutions have even
larger weight. As in the proof of Theorem 1, the smallest exponent in f is of the
form 2xw(P1)+w(P2). ut



3 Computing the permanent

We begin with some elementary properties of the permanent in rings. For a ring
R we let Mn(R) denote the set of n × n matrices over R. Sometimes we write
M(R) =

⋃
n Mn(R). For A ∈ Mn(R) let Aij denote the matrix in Mn−1(R) that

results from deleting the ith row and jth column of A.

Elementary row operations. If A′ is constructed from A by exchanging two rows,
then perA = perA′. If A′ is constructed from A by multiplying all entries in a
single row by c ∈ R, then perA′ = cperA. The third elementary row operation,
however, is more complicated:

Lemma 3 Consider a matrix A ∈ M(R), ring element c ∈ R and integers i
and j. Let A′ be the matrix constructed by adding the cth multiple of row j to
row i. Let D be the matrix constructed by replacing row i with row j. Then

perA′ = perA+ cperD .

Proof. From the definition,

perA′ =
∑
σ

∏
k

a′kσ(k) =
∑
σ

a′iσ(i)
∏
k 6=i

akσ(k) =
∑
σ

(aiσ(i) + cajσ(j))
∏
k 6=i

akσ(k)

=
∑
σ

aiσ(i)
∏
k 6=i

akσ(k) +
∑
σ

cajσ(j)
∏
k 6=i

akσ(k) = perA+ cperD . ut

In other words, we can get from A to A′ at the cost of computing perD.
(The good news is that because D has duplicate rows, perD turns out to be
algorithmically inexpensive ‘dross’ in our algebraic structure.)

Quotient rings. Computation takes place in the two rings El = Zl[x]/(xM ) for
l ∈ {2, 4}, where h = xM and M = d2n4e > nmaxW is chosen larger than the
degree of the polynomial f . Every element in El can be uniquely represented as
[g]h, where g ∈ Zl[x] is a polynomial of degree at most M −1 with coefficients in
Zl. We have, e.g., [2x+ 3x2]h + [x+ x2]h = [3x]h and [x+ xM−1]h · [x]h = [x2]h
in E4. Note that the ring elements are formal polynomials, not functions; two
polynomials are equal if and only if all their coefficients agree. For instance,
[x]h and [x2]h are not equal in E2. For a ring element a ∈ El and integer
j ∈ {0, . . . ,M − 1}, we let [xj ]a denote the jth coefficient of the representation

of a. Formally, if a = [g]h and g =
∑M−1
j=0 cjx

j then [xj ]a = cj ∈ Zl. We will
ignore the distinction between a ring element [g]h and the polynomial g and
regard the elements of El as polynomials ‘with higher powers chopped off.’

In E4 we introduce a ‘permanent with all coefficients replaced by their parity.’
To be precise, define the parity permanent per2 : M(E4) → E4 for A ∈ M(E4)
for each coefficient by

[xj ] per2A = ([xj ] perA) mod 2 .

We will see in Section 3.4 that the parity permanent E4 is analogous to the
(standard) permanent in E2, which we can compute in polynomial time.



Even and odd polynomials. A polynomial a is even if [xj ]a = 0 (mod 2) for each
j ∈ {0, . . . ,M − 1}. Otherwise it is odd. In E2, the zero polynomial is the only
even polynomial. Note that the sum of two even polynomials is even, but the
sum of two odd polynomials need not be even. A product ab is even if one of
its factors is. Let m(a) = min{ j : [xj ]a = 1 (mod 2) } denote the index of its
lowest-order odd coefficient of a.

In a product in E4 with one even factor, the parity permanent can replace
the permanent:

Lemma 4 For A ∈M(E4) and even a ∈ E4, we have a perA = aper2A .

Proof. We show that the polynomials on both sides have the same coefficients
in Z4. By the definition of polynomial multiplication,

[xj ]aperA =

j∑
k=0

[xk]a · [xj−k] perA

=

j∑
k=0

[xk]a · [xj−k] per2A (mod 4) = [xj ]a per2A ,

where the second equality uses 2x = 2(x mod 2) (mod 4). ut

Laplace expansion. We consider the Laplace expansion of the permanent over
E4 in the special case where the first column has only a single odd element.

Lemma 5 Let A ∈ Mn(E4). Assume ai1 is even for all i > 1. Then,

perA = a11 perA11 +

n∑
i=2

ai1 per2Ai1 (in E4) .

Proof. In any commutative ring, the permanent satisfies the Laplace expansion,

perA =

n∑
i=1

ai1 perA1j .

By Lemma 4, we can use the parity permanent in all terms except for i = 1. ut

3.1 Overview of algorithm

Algorithm P (Permanent over E4) Given A ∈ Mn(E4) computes perA in
polynomial time in n and M .

It transforms A successively such that a21, . . . , an1 are all even. This leads to
a single recursive call with argument A11, following Lemma 5. For each trans-
formation, a matrix D with duplicate rows is produced, according to Lemma 3.
Their contributions are collected in a list L, and subtracted at the end.



P1. [Base case.] If n = 1 return a11.

P2. [Initialize.] Let L be the empty list.

P3. [Easy case.] If ai1 is even for every i ∈ {1, . . . , n}, go to P8.

P4. [Find pivot.] Choose i ∈ {1, . . . , n} such that ai1 is odd and m(ai1) is
minimal. Ties are broken arbitrarily. Exchange rows 1 and i. [Now a11 is
odd and m(a11) minimal.] Set i = 2.

P5. [Column done?] If i = n+ 1 go to P8.

P6. [Make ai1 even.] Use Algorithm E to find c ∈ E4 such that ai1 + ca11 is
even. Let A′ and D be as in Lemma 3. Compute cperD using Lemma 7
and add it to L. Set A = A′.

P7. [Next entry in column.] Increment i and return to P5.

P8. [Compute subpermanent.] Compute p = perA11 recursively.

P9. [Return.] Return a11p +
∑
i>1 ai1 per2(Ai1) −

∑
d∈L d, using Algorithm Y

for the parity permanents.

3.2 Making odd polynomials even.

In Step P6 we need to turn an odd polynomial into an even one, which can be
done by a simple iterative process. Consider for instance the odd polynomials
a = aij = x3 + 2x5 + 3x6 and b = ajj = x+ x3 in E4. If we choose c = x2 then
bc = (x+ x3)x2 = x3 + x5, so a+ bc = 2x3 + 3x5 + 3x6 . At least [x3](a+ bc) is
now even, even though we introduced a new, higher-order, odd coefficient. We
add the corresponding higher-order term to c, arriving at c = x2 + x4. Now we
have a + bc = 2x3 + 3x6 + x7 . Repeating this process, the coefficient of xj for
each j ∈ {0, . . . ,M − 1} is eventually made even.

Algorithm E (Even polynomial) Given l ∈ {2, 4} and odd polynomials a, b ∈ El
with m(a) ≥ m(b), finds a polynomial c ∈ El such that a+ bc is even.

E1. [Initialize] Set r = 1. Set cr = 0, the zero polynomial in El.

E2. [Done?] If a+ bcr is even, output cr and terminate.

E3. Set cr+1 = cr + xm(a+bcr)−m(b). Increment r. Return to Step E2.

Lemma 6 Algorithm E runs in polynomial time in M .

Proof. To see that Step E3 makes progress, set c = cr, c
′ = cr+1 and let j =

m(a+ bc) denote the index of the lowest-order odd coefficient in a+ bc. Consider
the next polynomial,

a+ bc′ = a+ b(c+ xj−m(b)) = a+ bc+ bxj−m(b) .

By the definition of polynomial multiplication, its jth coefficient

[xj ](bxj−m(b)) = [xm(b)]b · [xj−m(b)]xj−m(b) = [xm(b)]b · 1

is odd. Since [xj ](a+ bc) is also odd, [xj ](a+ bc′) is even.



Moreover, for j′ < j, we can likewise compute

[xj
′
](bxj−m(b)) = [xj

′−j+m(b)]b ,

which is even by minimality of m(b). Thus, bxj−m(b) introduces no new odd
terms to a+ bc′ of index smaller than j.

In particular, m(a + bc1) < m(a + bc2) < · · · , so Algorithm E terminates
after at most M iterations. ut

3.3 Duplicate rows

The elementary row operation in Step P6 produces dross in the form of a matrix
with duplicate rows.

Lemma 7 Let A ∈ Mn(E4) have its first two rows equal. Then

perA = 2
∑

1≤j<k≤n

a1ja2k per2A{1,j},{2,k} .

Proof. Given a permutation σ with j = σ(1) and k = σ(2), construct the per-
mutation σ′ by exchanging these two points: set σ′(1) = k, σ′(2) = j, and
σ′(i) = σ(i) for i ∈ {3, . . . , n}. We have a1σ(1) = a1j = a2j = a2σ′(2) and,
similarly, a2σ(2) = a1σ′(1). Thus,∏

i

aiσ(i) +
∏
i

aiσ′(i) = (a1σ(1)a2σ(2) + a1σ′(1)a2σ′(2))
∏
i>2

aiσ(i)

= 2a1σ(1)a2σ(2)
∏
i>2

aiσ(i) = 2
∏
i

aiσ(i) .

In other words,

perA =
∑

σ : σ(1)<σ(2)

2a1σ(1)a2σ(2)
∏
i>2

aiσ(i) =
∑

1≤j<k≤n

a1ja2k2 perA{1,j},{2,k} ,

where AP,Q is A without the rows in P and columns in Q. Finally, we replace
the permanent with the parity permanent using Lemma 4 with a = 2. ut

3.4 Computing the parity permanent

First we observe that the permanent in E2 can be computed in polynomial time.
We are tempted to argue that since Z2 is a field, the ring Z2[x] is a Euclidean
domain, where Gaussian elimination computes the determinant in polynomially
many ring operations. Moreover, since the characteristic is 2, the determinant
and the permanent are identical. The problem with this argument is that we
have little control over the size of the polynomials produced during this process.
Instead, we choose to give an explicit algorithm for the permanent in E2 by
simplifying Algorithm P.

First, a matrix with duplicate rows in any ring of characteristic 2 has zero
permanent. Thus, we need no analogues of Lemma 3, Algorithm D, or list L. We
can remove Step P2 and replace Step P6 by



P′6. [Make ai1 = 0.] Use algorithm E to find c ∈ E2 such that ai1 + ca11 = 0.
Add the cth multiple of row 1 to row i in A.

Furthermore, since the even polynomials in E2 are all 0, the only term surviving
in the Laplace expansion is a11 perA. Thus, Step P9 becomes simply:

P′9. [Return.] Return a11p.

It remains to connect the parity permanent in E4 to the permanent in E2.
Define the map φ : E4 → E2 replacing each coefficient by its parity,

[xj ]φ(a) = [xj ]a mod 2 .

Lemma 8 The map φ is a ring homomorphism.

Proof. The unit in both E4 and E2 is the constant polynomial 1, and indeed
φ(1) = 1. To see that φ(a) + φ(b) = φ(a+ b), we consider the jth coefficient on
both sides: [xj ](φ(a) +φ(b)) = [xj ]φ(a) + [xj ]φ(b) = [xj ]a mod 2 + [xj ]b mod 2 =
([xj ]a+ [xj ]b) mod 2 = ([xj ](a+ b)) mod 2 = [xj ](φ(a) + φ(b)) . Similarly, to see
that φ(a)φ(b) = φ(ab), we expand

[xj ](φ(a)φ(b)) =

j∑
k=0

[xk]φ(a)[xj−k]φ(b) =

j∑
k=0

([xk]a mod 2)([xj−k]b mod 2)

=

j∑
k=0

([xk]a)([xj−k]b) mod 2 = [xj ]ab mod 2 = [xj ]φ(ab) . ut

We extend φ to matrices by defining the map Φ : Mn(E4)→ Mn(E2), where
the ijth entry of the matrix Φ(A) is φ(aij). Then the following holds in E2:

Lemma 9 φ(per2A) = perΦ(A).

Proof. From the definition (3) and Lemma 8,

perΦ(A) =
∑
σ

∏
i

φ(aiσ(i)) = φ

(∑
σ

∏
i

aiσ(i)

)
= φ(perA) .

Thus, for each j ∈ {0, . . . ,M − 1}, we have

[xj ] perΦ(A) = [xj ]φ(perA) = ([xj ] perA) mod 2 = [xj ] per2A ,

so the two polynomials have the same coefficients in Z2. ut
Thus we have the following algorithm:

Algorithm Y (Parity permanent) Given A ∈ Mn(E4), compute per2A in time
polynomial in n and M .
Y1. [Let P = Φ(A)] Construct P ∈ Mn(E2) such that [xj ]pij = [xj ]aij mod 2.

Y2. [Permanent] Compute p = perP in E2 using algorithm P′.

Y3. [Return result] Return the polynomial in E4 whose jth coefficient is [xj ]p.

Thus, in order to compute the expression in Lemma 7 for Step P6, Algo-
rithm Y is called O(n2) times, once for every per2A{1,j},{2,k}. It is also called in
total O(n2) times in Step P9.
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